To provide adequate information that would assist surgeons in performing advanced refractive corrections, it is essential to address the problem of microfluctuations in the eye's aberrations due to pulse and respiration. Although the effects of fluctuations in defocus are known and well described, very little is reported on modelling the fluctuations in other types of aberrations. We propose a methodology in which the dynamics of higher order aberration components are modelled by parametric AM-FM signals. Using our modelling approach, the effects of changes in these aberrations could be predicted and studied. In particular, we model the dynamics of components related to coma and spherical aberration. We provide a validation of the proposed modelling approach using aberration data from the eyes of six subjects.
INTRODUCTION
The interest in customised refractive surgery by optometrists and ophthalmologists as well as the patients is growing significantly. It is predicted that these advanced customised refractive surgeries will correct many aberrations of the eye, providing vision levels that currently cannot be achieved [ 
11.
Such vision would be limited only by the resolution of the retinal photoreceptors and diffraction due to the pupil aperture [2] . However, these modem surgical procedures depend to a great extent on advances in eye measurement systems, such as wavefront sensors. One of the current problems in such systems is that the dynamics of the eye's aberrations, due to pulse and respiration [3, 41, are not taken into account.
The aberrations of the eye are usually described in terms of a scaled optical path difference between a ray passing through the optical system of the eye at a certain point in the pupil and the principal ray. This scaled optical path difference is referred to as the wavefront aberration or wavefront error.
The wavefront error of an eye can be measured with a Hartmann-Shack sensor [5]. It i s an optical instrument 0-7803-701 1-2/01/$10.00 02001 EEE 24 1 equipped with a laser, an array of small lenses, and a CCD video camera. The light reflects from the retina, passes through the array of lenses, and forms a grid image that falls on the CCD. The displacements in the grid image, from the ideal square grid, are used to calculate transversal aberrations which are related to the wavefront error.
Wavefront error is often given a functional form in terms of basis functions. The discrete wavefront aberration data, denoted in polar coordinates as W (~d , 19d) can be modelled by a finite series of discrete basis functions
where zP ( n ) , n = 0, . . . , N -1 are the time-varying aberration coefficients, a P ( r d , O d ) is the p-th discrete basis function sampled from GP ( T , 6) at discrete points d = 1, . . . , D and &d denotes the measurement noise. In some cases, such sampling may require further orthogonalisation using the Gram-Schmidt procedure. The most popular basis functions amongst vision researcher are the Zernike polynomials [6, 71, because each of the terms in the expansion can be related to a particular type of aberration. For example, the fourth term corresponds to defocus, the fifth and sixth to astigmatism, the seventh and eight to coma, and the 1 lth relates to spherical aberration. In most classifications, the first six Zernike terms are assigned as lower-order terms since they can be corrected with traditional spectacles.
In this work, we focus on dynamics of higher order aberrations, and in particular, of coma and spherical aberration. The values of the coefficients associated with each term vary in time [4] , due primarily to changes in accommodation (focusing) which, in turn, are affected by pulse and respiration [3] . In order to predict and study the effects of dynamics of the eye's aberrations, it is desired to develop appropriate parametric models for the dynamics of each of the aberrations.
The paper is organised as follows. In the next section, we provide an overview of the protocol of aberration data acquisition. In Section 3, we describe the model for the components of the higher order aberrations. This is followed by the experimental results given in Section 4.
DATA ACQUISITION
A custom made Hartmann-Shack sensor was used for measuring the aberrations of the optical system of the eye. Six subjects were used in the study. For each subject, a series of grid images sampled at 10 Hz were taken within a period of 5 seconds. An example of typical grid image is shown in Figure 1 . The sampling frequency was chosen well above the Nyquist rate for signals that exist in the cardiopulmonary system [3]. The limit of 50 images was due to the physical capacity of computer memory. The six considered subjects were aged between 20 and 30 years and had normal healthy eyes. They were asked to focus on the instrument's fixation target. All subjects were optically corrected for lower order aberrations with spectacle corrections. Ten series of 50 grid images where recorded for each subject. There was no blinking during the acquisition of each series. The study met the requirements of the university Human Research Ethics Committee.
For each grid image, a centroid detection algorithm was used to determine the transversal aberrations and wavefront slopes. Then, from this information, the wavefront error was derived. A series of the first 15 Zernike polynomials was then fitted to each wavefront error resulting in a 50 data point time-series for each type of aberrations. In the following, we focus on higher order terms since the first six Zernike terms correspond to aberrations that were optically corrected.
MODELLING APPROACH
Initially, we have performed a time, frequency, and timefrequency analysis of the data for each of the higher order aberrations. The time-frequency analysis has indicated that that are well-separated in frequency. This allows us to bandpass filter each aberration to extract the components of interest corresponding to pulse and respiration. We have also observed that the spectral characteristics of the aberration components up,l (n) vary in time. This is demonstrated in Figures 2 and 3 which show the spectrogram of the horizontal coma and spherical aberration, respectively, for a subject with a significant amount of astigmatism. The non-stationary characteristics of the aberration components are clearly evident.
Motivated by these results, we propose to model each of the aberration components as an amplitude modulatedfrequency modulated (AM-FM) signal. In particular, we consider the following parametric model:
which, under the assumption that the amplitude is low-pass, can be approximated by n = 0,. . . , N -1. Estimation of the model parameters is performed in two steps. First, we perform order selection to estimate appropriate values of M and Q. We have experimented with two methods for model order selection. One procedure, described in [SI is based on a multiple hypothesis testing. The other procedure is based on the bootstrap [9].
As an example, we show the application of the parametric modelling procedure of [SI to the spherical aberration component shown in Figure 3 . A significance level of 1 % was used in the order selection procedure which gave M = 14 and Q = 4. Using these orders, the fitted and the values estimated non-parametrically of the amplitude and phase are plotted against time in Figures 4 and 5. Similar orders for the amplitude and phase were obtained with the bootTtrap mfthod. In this case, we find estimates 40,. . . , g~, bo,. . . , b~ of the amplitude and phase parameters using linear regressions. It can be seen that the amplitude model provides a close fit to the actual amplitude while the phase model is reasonably close to the actual phase. Clearly, the AM-FM signal could be a valid model for the spherical aberration component. Validation of the proposed model is given in the next section. 
EXPERIMENTAL RESULTS
As mentioned in Section 2, six subjects were used in the study. The best seven out of 10 data acquisitions have been selected for the analysis. In this way, we have ensured that the same size of grid was fitted to each grid image for calculation of the wavefront error. The variations in the grid size between the images were due to changes in the pupil size. Three higher order terms of the Zernike expansion were analysed. These were the horizontal coma, the vertical coma, and the spherical aberration. As noted before, the subjects were corrected for lower-order aberrations by wearing their usual spectacles. For each of the terms, a low frequency single component was extracted by using a 1.5 Hz FIR low-pass filter of order 10. This was performed first manually on a number of sequences and then automated. All the data were detrended before filtering. Then, model order selection procedures were used to determine the parameter Q and M. It has been found that the procedure based on the bootstrap is more robust than the one based on multiple hypothesis testing. This is mainly due to the bootstrap ability to find a correct model for short data samples [9]. For each model a mean-square error (MSE) of the fit was calculated and then averaged across the seven records. It has been observed that no single model can be fitted to the components of coma and the spherical aberration. We found that the model order of the phase ranges from Q = 3 to Q = 5. However, isolated cases in which both model selection procedures were giving higher orders for the phase were observed. A wider range of model order were recorded for the amplitudes (from M = 8 to M = 20). In Tables 1-3 , we show the average standardised MSE for the amplitude and phase of the components associated with the coma the spherical aberration.
The results indicate that the dynamics of the considered aberration components can be well modelled by a polynomial phase signal of order less than Q = 5. Small variations in the average standardised MSE for the amplitude fit were observed. However, in the interest of parsimony, we would like to avoid choosing a model order that results in the number of parameters being a substantial fraction of the sample size. Therefore, we choose A4 = 11 which results in a fit whose average standardised MSE does not exceed 3%. It is possible that choosing a different set of basis functions would result in a lower order model.
CONCLUSIONS
We have addressed the problem of modelling the dynamic changes in the components of higher order aberrations in the human eye. We proposed a parametric AM-FM signal model for these dynamics. Although the data samples were short, we have shown that the proposed modelling approach is viable and could be used for prediction and study of higher order aberrations. Our methodology can be used in the design of protocols that deal with the measurement of aberrations in the human eye and take into account the dynamic characteristics of these aberrations.
